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Abstract
In this paper we consider the $\mathrm{S}\mathrm{c}\mathrm{h}\mathrm{r}\tilde{\mathrm{o}}\mathrm{d}\mathrm{i}\mathrm{n}\mathrm{g}\mathrm{e}\mathrm{r}$ operators with oscillating long-range
potentials. We make an improvement of aresult of $\mathrm{J}\tilde{\mathrm{a}}\mathrm{g}\mathrm{e}\mathrm{r}$ and Rejto on the growth
estimate of generalized eigenfunctions, and apPly it to show the principle of limiting
absorption. If the operators are of the $\mathrm{f}\mathrm{o}\mathrm{r}\mathrm{m}-\Delta+c\sin b|x|/|x|+V_{3}(x),$ $V_{3}(x)=$
$O(|x|^{-1-\delta})(\delta>0)$ as $|x|arrow\infty$ , the principle is established for the interval $J\subset$
$\mathrm{R}_{+}\mathrm{s}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{s}\phi \mathrm{i}\mathrm{n}\mathrm{g}$ dist{J, $b^{2}/4$ } $>|bc|/ \min\{2,4\delta\}$ . If the operators are of the form
$-\Delta+c\sin(\log|x|)/\log|x|+V_{3}(x),$ $V_{3}(x)=O(|x|^{-1}\{\log|x|\}^{-1-b}.)$ , the principle is
established for $J$ satisfying $\inf J>|c|/4\delta$ .
1.
1943 F. Rellich [13]
$\mathrm{R}$ Bc(R $=\{x\in \mathrm{R}^{n};|x|>R_{0}\}$ $u=u(x)\in C^{2}(B^{r,}(R_{)}))$
$-\Delta u=\lambda u$ , x\in B0( ) $)$
$\lambda>0$ $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}u\neq \mathrm{c}\mathrm{o}\mathrm{m}\mathrm{p}\mathrm{a}\mathrm{c}\mathrm{t}$
$\lim_{Rarrow}\inf_{\infty}\int_{S(R)}\{|\partial_{r}u|^{2}+\lambda|u|^{2}\}dS>0$ .
[ $S(R)=\{x;|x|=R\}$ , $r=|x|$ .




$\mathrm{S}\Omega\subset \mathrm{R}^{n}$ $u\in C^{2}(\Omega)$
$-\Delta u=\lambda u$ in $\Omega$ , $u|_{\partial\Omega}=0$





radiation condition Rellich $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}u=\mathrm{c}\mathrm{o}\mathrm{m}\mathrm{p}\mathrm{a}\mathrm{c}\mathrm{t}$ $u$
$x$ analytic $u\equiv 0$
$\mathrm{S}$
Rellich Schr\"odinger Povzner ([12])
Kato ([8])
$\mathrm{K}\Omega\subset \mathrm{R}^{\tau\iota}$ $u\in C^{2}(\Omega)$
(1.1) $-\Delta u+V(x)u=\lambda u$ , $x\in\Omega$
$V(x),$ $\lambda$






$(K^{2}, \infty)$ $K=0$ $\forall\epsilon>0$
\mbox{\boldmath $\nu$} k $r^{\epsilon} \int_{S(r)}\{|\partial_{r}u|^{2}+\lambda|u|^{2}\}dS=\infty$
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$\epsilon=0$ Rellich
Kato Simon [15], Agmon [1], Eidus [3], Roze [14], Ikebe-Uchiyama
[4], Uchiyama [17], Mochizuki [9], Jiger-Rejto [5], Eastham-Kalf [2]
potenti [17], [9] homogeneous
potenti
(1.2) $\lim_{rarrow}\sup_{\infty}\{\gamma^{-1}r\partial_{r}V(x)+V(x)\}\equiv E_{\gamma}<\infty$ for some $\gamma\in(0,2]$
growth estimate
Mochizuki-Uchiyama [11]
MU $u\in C^{2}(\Omega)$ (1.1) $V(x)$ (1.2) $\lambda>E_{2}$
$\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}u\neq \mathrm{c}\mathrm{o}\mathrm{m}\mathrm{p}\mathrm{a}\mathrm{c}\mathrm{t}$ $\lambda>E_{\gamma}\geq E_{2}$ $\forall\gamma\in(0,2]$
$\lim_{rarrow}\inf_{\infty}r^{\gamma/2}\int_{S(r)}\{|\partial_{r}u|^{2}+\lambda|u|^{2}\}dS>0$.
(1.2) von Neumann-Wigner potential
(1.3) $V(x)= \frac{c\sin br}{r}+V_{3}(x)$ , $c,$ $b\in \mathrm{R}\backslash \{0\}$





von Neumann-Wigner potential Jiger-Rejto [6]











MU $|c|<|b|/4$ von Neumann-
Wigner potential $c=8,$ $b=2$ $V_{3}(x)$ $\lambda=1$
$|c|$ MU
\tilde growth estimate functional
$\mathrm{J}\mathrm{R}$ Kato $\mathrm{A}\mathrm{a}$
approximate phase functional approximate
phase ra ation condition [6] (Mochizuki-
Uchiyaina [10] $)$ phase function
[10] [6] functional identity growth
estimate fnctional identity .
-
growth estimate $\mathrm{J}\mathrm{R}$ . ^
follow \mbox{\boldmath $\nu$}\supset





$\mathrm{R}^{n}$ Schr\"odinger $L=-\Delta+V(x)$ potential $V(x)$
$L^{2}$ , $n\geq 4$ $V$ singularity order
Stuinmel $L$ $D(L)=H^{2}(\mathrm{R}^{n})-$ $L^{2}(\mathrm{R}^{n})$
$\acute{\mathrm{H}}$
$V(x)$ $\mu(r)$ $r>0$




$V_{1}(r),$ $V_{2}(x),$ $V_{3}(x)$ oscillating
long-range potential, long-range potential, short range potential : $rarrow\infty$
$\{$
$V_{1}(r)=O(1),$ $V_{1}’(r)=O(r^{-1})$ ,
$V_{1}’’(r)+aV_{1}(r)=O(\mu(r))$ for some $a\geq 0$ ,
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$r^{-1}V_{2}(x)=O(\mu(r))$ , $\nabla V_{2}(x)=O(\mu(r))$ ,
$V_{3}(r)=O(\mu(r))$ .
(A2)(A1) $\mu$ $\exists\mu j=\mu j(r),$ $j=1,2$
(2.1) $\mu(r)^{2}\leq\mu_{1}(r)\mu_{2}(r),$ $0<\mu_{1}(r)\leq\mu_{2}(r)$ .
$\varphi_{j}(r)=\{\int_{r}^{\infty}\mu_{j}(s)ds\}^{-1}$ , $j=1,2$
(2.2) $\frac{\varphi_{1}’(r)}{\varphi_{1}(r)}\leq\frac{1}{r}$ for $r>R_{0}>0$ ,
(2.3) $E^{\pm}( \varphi_{1})\equiv \mathrm{h}.\mathrm{m}\sup_{rarrow\infty}[\pm\{\frac{\varphi_{1}(r)}{2\varphi_{1}(r)},V_{1}’(r)+V_{1}(r)\}]<\infty$.




(2.4) $-\Delta u+V(x)u=\lambda u$ , $x\in \mathrm{R}^{n}$
$\lambda$
(2.5) $\lambda>\frac{a}{4}+E_{2}^{+}$ or $\lambda<\frac{a}{4}-E_{2}^{-}$
$\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}u\neq \mathrm{c}\mathrm{o}\mathrm{m}\mathrm{p}\mathrm{a}\mathrm{c}\mathrm{t}$
$\lim\inf\int_{S(r)}rarrow\infty\{|\partial_{r}u|^{2}+|u|^{2}\}dS>0$ .
$|x|$ $x$ $\zeta=\lambda\pm i\epsilon,$ $\epsilon>0$ ,
$k_{\pm}(x, \zeta)=-i\sqrt{\zeta-\eta V_{1}(r)-V_{2}(x)}+\frac{n-1}{2r}+\frac{-\eta V_{1}’(r)}{4\{\lambda-\eta V_{1}(r)-}$
$\eta=\eta(\zeta)=\frac{4\zeta}{4\zeta-a}$
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$\sqrt{}^{-}$. ${\rm Im}_{\backslash }f$. $>0$ $\lambda$ (2.5) $|x|$
$\sqrt{\lambda-\eta(\lambda)V_{1}(r)-V_{2}(x)}>0$ ([10], Lemma 82)




(A2), (A3) $J\subset \mathrm{R}_{+}$
(2.6) $\inf J>\frac{a}{4}+\max\{E^{+}, E^{+}(\varphi_{1})\}$ or $\sup J<\frac{a}{4}-\max\{E^{-}, E^{-}(\varphi_{1})\}$
$K_{\pm}=\{\zeta--\lambda\pm i\epsilon;\lambda\in J, 0<\epsilon\leq\epsilon_{0}\}$
$\epsilon_{0}>0$
(2.7) $-\Delta u+V(x)u-\zeta u=f(x),$ $x\in \mathrm{R}^{n}.,$ $\zeta\in K_{\pm}$ .
norm
$||f||_{\xi}= \{\int_{\mathrm{R}^{n}}\xi(r)|f(x)|^{2}dx\}^{1/2}<\infty$ for $\xi(r)>0$ .
$L^{2}$ -space $L_{\xi}^{2}=L_{\zeta}^{2}(\mathrm{R}^{r\iota})$
2 $(A1)\sim(A3)$ $J$ (2.6) Schr\"odinger $L$
resolvent $R(\zeta)=(L-\zeta)^{-1},$ $\zeta\in K\pm$ , $L_{\mu_{1}^{-1}}^{2}$ $L_{\mu_{2}}^{2}$ $K_{\pm}$
$\overline{K}\pm$
(2.8) $\sup||R(()f||_{\mu 2}\leq C||f||_{\mu_{1}^{-1}}, C=C(K_{\pm})>0$
\mbox{\boldmath $\zeta$}\epsilon K
) |Z $R(\lambda\pm i0)f$ radiation condition /
3.
$u$ (2.7) $f|1^{\vdash_{\mathfrak{j}}\text{ }}.\cdot$ $\sigma=\sigma(r)$ $u_{\sigma}=e^{\sigma}u,$ $f_{\sigma}=e^{\sigma}f$
u
$- \Delta u_{\sigma}+2\sigma’\tilde{x}\cdot\nabla v+(V-\zeta+\sigma’’+\frac{n-1}{r}\sigma’-\sigma^{\Omega})u_{\sigma}=f_{\sigma}$
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$\theta_{\sigma}\pm=\nabla u_{\sigma}+k_{\pm}(x, \zeta)u_{\sigma}$ . \vdash .
$- \nabla\cdot\theta_{\sigma\pm}+(k_{\pm}+2\sigma’)\tilde{x}\cdot\theta_{\sigma\pm}+(q_{\pm}+\sigma’’+\frac{n-1}{r}\sigma’-2\sigma’k_{\pm})u_{\sigma}=f_{\sigma}$
$q \pm(x, \zeta)=V(x)-\lambda+\partial_{r}k_{\pm}(x, \zeta)+\frac{n-1}{r}k_{\pm}(x, \zeta)-k_{\pm}(x, \zeta)^{2}$ .
$k_{\pm}(x, \zeta)$ $q\pm(x, \zeta)$ short-range ( (
$\psi=\psi(r),$ $r>0$ , $2\psi\tilde{x}$ . \mbox{\boldmath $\theta$}-,
$B(R,t)=\{x;R<|x|<t\}$
$-{\rm Re}\{2\nabla\cdot\theta_{\sigma\pm}(\tilde{x}\cdot\overline{\theta}_{\sigma\pm})\}=-{\rm Re}\nabla\cdot\{2\theta_{\sigma\pm}(\tilde{x}\cdot\overline{\theta}_{\sigma\pm})-\tilde{x}|\theta_{\sigma\pm}|^{2}\}$
$+(2{\rm Re} k_{\pm}- \frac{n-1}{r})|\theta_{\sigma\pm}|^{2}-2{\rm Re} k_{\pm}|\tilde{x}\cdot\theta_{\sigma\pm}|^{2}$
$+ \frac{2}{r}\{|\theta_{\sigma}\pm|^{2}-|\tilde{x}\cdot\theta_{\sigma}\pm|^{2}\}+2{\rm Re}\{(\nabla-\tilde{x}\partial_{r})k\pm\cdot\overline{\theta}_{\sigma}\pm u_{\sigma}\}$
$-2{\rm Re}\{\sigma^{\prime 2}u_{\sigma}\tilde{x}\cdot\overline{\theta}_{\sigma}\pm\}=-{\rm Re}\nabla\cdot\{\tilde{x}\sigma^{\prime 2}|u_{\sigma}|^{2}\}$
$\{2\sigma’\sigma’’+\sigma^{\prime 2}(\frac{n-1}{r}-2{\rm Re} k_{\pm})\}|u_{\sigma}|^{2}$
1 $u$ (2.7)
$\{\int_{S(t)}-\int_{S(R)}\}\psi\{2|\tilde{x}\cdot\theta_{\sigma\pm}|^{2}-|\theta_{\sigma\pm}|^{2}+\sigma^{\prime 2}|u_{\sigma}|^{2}\}dS=\int_{B(R,t)}\psi[$
$(2{\rm Re} k_{\pm}- \frac{\psi’}{\psi}-\frac{n-3}{r})|\theta_{\sigma\pm}|^{2}+2(2\sigma’+\frac{\psi’}{\psi}-\frac{1}{r})|\tilde{x}\cdot\theta_{\sigma\pm}|^{2}$
$+2{\rm Re}\{(\nabla-\tilde{x}\partial_{r})k\pm\cdot\overline{\theta}_{\sigma}\pm u_{\sigma}\}+2{\rm Re}\{\{$ $q_{\pm}+ \sigma’’+\frac{n-1}{r}\sigma’$
$-2\sigma’k_{\pm})u_{\sigma}\tilde{x}\cdot\overline{\theta}_{\sigma\pm}\}$ . $+ \{2\sigma’\sigma’’+(\frac{n-1}{r}+\frac{\psi’}{\psi}-2{\rm Re} k_{\pm})\sigma^{a}\}|u_{\sigma}|^{2}]dx$
$- \int_{B(R,t)}2\psi{\rm Re}\{f_{\sigma}\tilde{x}\cdot\overline{\theta}_{\sigma\pm}\}dx$ .
(A1) ([10], Proposition 8.2)
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1 $R0>0$ I^ $\exists Cj>0,$ $j=1\sim 5$ $\forall|x|>R0$ , \forall \mbox{\boldmath $\zeta$}\in K
(3.1) $|q\pm(x, ()|\leq C_{1}\mu(r)$ ,
(3.2) $|k_{\pm}(x, \zeta)|\leq C_{2}$ , $\mp{\rm Im} k_{\pm}(x, ()\geq C_{3}$ ,
(3.3) $|(\nabla-\tilde{x}\partial_{r})k_{\pm}(x, \zeta)|\leq C_{4}\mu(r)$ , $\tilde{x}=x/r$,
(3.4) $|2{\rm Re} k_{\pm}(x, \lambda)-\frac{n-1}{r}-\frac{-\eta V_{1}’(r)}{2(\lambda-\eta V_{1}(r))}|\leq C_{5}\mu(r)$ .
4. 1
$u$ (2.4) $u$ l
$\mathrm{A}\mathrm{a}$
$|\tilde{x}\cdot\theta_{\sigma\pm}|^{2}=$ (${\rm Im} k$ lu,)2+ $(\partial \mathrm{r}\mathrm{u}$ $+{\rm Re} k_{\pm}u_{\sigma})^{2}$
(4.1) . $|u_{\sigma}|\leq C|\tilde{x}\cdot\theta_{\sigma\pm}|$
1 1 - $k_{+}$
[ $k=k+,$ $q=q+,$ $\theta_{\sigma}=\theta_{\sigma+}$
2 functional
$F(r)= \int_{S(r)}(2|\tilde{x}\cdot\theta|^{2}-|\theta|^{2})dS,$ $\theta=\theta_{0}=\nabla u+\tilde{x}ku$ ,
$F_{\sigma,\tau}(r)= \int_{S(r)}\{2|\tilde{x}\cdot\theta_{\sigma}|^{2}-|\theta_{\sigma}|^{2}+(\sigma^{\prime 2}-\tau)|u_{\sigma}|^{2}\}dS$.
$\sigma=\sigma(r),$ $\tau=\tau(r)$ $\text{ }$
[ 1 ]
(4.2) $\exists r_{k}arrow\infty$ such that $F(r_{k})>0$
1




(3.4) (3.1), (3.3), (4.1) $t>\exists R_{1}\geq R_{0}$
$\frac{d}{dt}F(t)\geq\int_{S(t)}\{(\frac{-\eta V_{1}’}{2(\lambda-\eta V_{1})}-C_{6}\mu)(2|\tilde{x}\cdot\theta|^{2}-|\theta|^{2})$
$+2( \frac{-\eta V_{1}’}{2(\lambda-\eta V_{1})}+\frac{1}{r}-C_{6}\mu)(|\theta|^{2}-|\tilde{x}\cdot\theta|^{2})\}dS$.
$t$ (2.5) 2 $t>\exists R_{2}\geq R_{1}$
(4.3) $\frac{d}{dt}F(t)\geq(\frac{1}{2}\frac{d}{dt}\log|\lambda-\eta V_{1}|-C_{6}\mu)F(t)$ .
(4.2) $’\geq R_{2}$ $(r_{k}, t)$
$\frac{F(t)}{F(r_{k})}\geq\{\frac{\lambda-\eta V_{1}(t)}{\lambda-\eta V_{1}(r_{k})}\}^{1/2}\exp\{-2C_{6}\int_{r_{k}}^{\infty}\mu(r)dr\}$.
$F(t)$ .- $\cdot$
$F(t) \leq\int_{S(t)}|\tilde{x}\cdot\theta|^{2}dS\leq C$ $\int$s( {|\partial ru|2+|u|2}dS
1
[ $(4.2)$ 1 ] $F(t)$
(4.4) $F(t)\leq 0$ for $r>\exists R_{3}\geq R_{2},$ $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}F\neq \mathrm{c}\mathrm{o}\mathrm{m}\mathrm{p}\mathrm{a}\mathrm{c}\mathrm{t}$ .
1 $\psi=r^{2}$ $\psi’/\psi=2/r$
$\{\int_{S(t)}-\int_{S(R)}\}r^{2}\{2|\tilde{x}\cdot\theta_{\sigma}|^{2}-|\theta_{\sigma}|^{2}+\sigma^{\prime 2}u_{\sigma}^{2}\}dS=\int_{B(R,t)}r^{2}[$
$(2{\rm Re} k- \frac{n-1}{r})|\theta_{\sigma}|^{2}+(4\sigma’+\frac{2}{r})|\tilde{x}\cdot\theta_{\sigma}|^{2}$
$+2{\rm Re}\{(\nabla-\tilde{x}\partial_{r})k\cdot\tilde{\theta}_{\sigma}u_{\sigma}\}+2{\rm Re}\{($ $q+ \sigma’’+\frac{n-1}{r}\sigma’$
$-2 \sigma’k)u_{\sigma}\tilde{x}\cdot\overline{\theta}_{\sigma}\}+\{2\sigma’\sigma’’+(\frac{n+1}{r}-2{\rm Re} k)\sigma^{\Omega}\}u_{\sigma}^{2}]dx$ .
$\{\int_{S(t)}-\int_{S(R)}\}r^{2}\tau u_{\sigma}^{2}dS=\int_{B(R,t)}r^{2}[2{\rm Re}\{\tau u_{\sigma}\tilde{x}\cdot\overline{\theta}_{\sigma}\}+(\frac{2}{r}\tau+\tau’)u_{\sigma}^{2}]dx$
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$t$
$4\sigma’\{|\tilde{x}\cdot\theta_{\sigma}|^{2}-{\rm Re}(ku_{\sigma}\tilde{x}\cdot\overline{\theta}_{\sigma})\}=4\sigma’\{|\partial_{r}u_{\sigma}+{\rm Re} ku_{\sigma}+i{\rm Im} ku_{\sigma}|^{2}$
$-{\rm Re} ku_{\sigma}(\partial_{r}u_{\sigma}+{\rm Re} ku_{\sigma})-({\rm Im} k)^{2}u_{\sigma}^{2}\}$
$=4\sigma’\{(\partial_{r}u_{\sigma}+{\rm Re} ku_{\sigma})^{2}-{\rm Re} ku_{\sigma}(\partial_{r}u_{\sigma}+{\rm Re} ku_{\sigma})\}$
$t>\exists R_{4}\geq R_{3}$
$\frac{d}{dt}[t^{2}F_{\sigma,\tau}(t)]\geq\int_{S(t)}r^{2}[(\frac{-\eta V_{1}’}{2(\lambda-\eta V_{1})}-C_{6}\mu)|\theta_{\sigma}|^{2}-\frac{2}{r}|\tilde{x}\cdot\theta_{\sigma}|^{2}$
$+4 \sigma’(\partial_{r}u_{\sigma}+{\rm Re} ku_{\sigma})^{2}+2(\sigma’’+\frac{n-1}{r}\sigma’-2\sigma’{\rm Re} k-\tau)u_{\sigma}(\partial_{r}u_{\sigma}+{\rm Re} ku_{\sigma})$
$+ \{2\sigma’\sigma’’+(\frac{2}{r}+\frac{\eta V_{1}}{2(\lambda-\eta V_{1})},-C_{\mathrm{o}}\ulcorner\mu)\sigma^{\prime 2}-\frac{2}{r}\tau-\tau’\}u_{\sigma}^{2}]dS$ .
2 $( \sigma’’+\frac{n-1}{r}\sigma’-2\sigma’{\rm Re} k)u_{\sigma}(\partial_{r}u_{\sigma}+{\rm Re} ku_{\sigma})$
$\leq 2\sigma’(\partial_{r}u_{\sigma}+{\rm Re} ku_{\sigma})^{2}+\frac{1}{2}\sigma’(\frac{\sigma’}{\sigma},’+\frac{n-1}{r}-2{\rm Re} k)^{2}u_{\sigma}^{2}$ ,
$-2 \tau u_{\sigma}(\partial_{r}u_{\sigma}+{\rm Re} ku_{\sigma})\leq 2\sigma’(\partial_{r}u_{\sigma}+{\rm Re} ku_{\sigma})^{2}+\frac{1}{2}\sigma^{\prime-1}\tau^{2}u_{\sigma}^{2}$
(4.5) $\frac{d}{dr}[t^{2}F_{\sigma.\tau}(t)]\geq-\{\frac{-\eta V_{1}’}{2(\lambda-\eta V_{1})}-C_{6}\mu\}t^{2}F_{\sigma,\tau}(t)+.\int_{S(t)}r^{2}[$
2 $( \frac{-\eta V_{1}’}{2(\lambda-\eta V_{1})}+\frac{1}{r}-C_{6}\mu)|\tilde{x}\cdot\theta_{\sigma}|^{2}-(\frac{1}{2}\sigma^{\prime-1}\tau^{2}+\tau’+\frac{2}{r}\tau)u_{\sigma}^{2}$
$- \frac{1}{2}\sigma’(\frac{\sigma’}{\sigma’},$ $+ \frac{n-1}{r}-2{\rm Re} k)^{2}u_{\sigma}^{2}+2\{\sigma’\sigma’’+(\frac{1}{r}-C_{7}\mu)\sigma^{\Omega}\}u_{\sigma}^{2}]dS$ .
$\vec{}arrow l_{\sim}^{-\vee}arrow C_{7}=C_{5}+C_{6}$ .
$m\geq 1,1/3<\epsilon<1$ $\sigma,$ $\tau$
(4.6) $\sigma(r)=\frac{m}{1-\epsilon}r^{1-\epsilon},$ $\tau(r)=r^{-2\epsilon}.\log r$
$rarrow\infty$
$\frac{1}{2}\sigma^{-1}\tau^{2}+\tau’+\frac{2}{r}\tau\leq\frac{1}{2m}r^{-3\epsilon}(\log r)^{2}+2r^{-1-2\epsilon}(\log r+1)=o(r^{-1})$ ,
$\frac{1}{2}\sigma’(\frac{\sigma’’}{\sigma},$ $+ \frac{n-1}{r}-2{\rm Re} k)^{2}=mO(r^{-2-\epsilon}.)$ ,
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$\sigma’\sigma’’+(\frac{1}{r}-C_{7}\mu)\sigma^{\prime 2}=\{1-\epsilon-o(1)\}m^{2}r^{-1-2\epsilon}$.
(4.5) 1 $\text{ }$ 3 1 $\circ$ $t$
2 $\text{ }$ $4$ 1 $\text{ }3$ [ $m\geq 1,$ $t>\exists R\backslash r_{J}\geq R_{4}$ (4.3)
$\frac{d}{dt}[t^{2}F_{\sigma.\tau}(t)]\geq-\{\frac{1}{2}\frac{d}{dt}\log|\lambda-\eta V_{1}|-C_{8}\mu\}t^{2}F_{\sigma.\tau}(t)$ .
(4.4) $\int_{S(R)}u_{\sigma}^{2}dx>0,$ $\exists R>R_{\mathrm{o}}r$ . $F_{\sigma,\tau}(R)arrow\infty$ as $marrow\infty$ .









$f\in L^{2},$ $\zeta\in K\pm$ (2.7) $u=R(\zeta)f$
( 2) 1 3
2(i) $\forall R>0$
$\frac{\varphi_{1}’(r)}{\varphi(r)}=\mu_{1}(r)\varphi_{1}(r)\not\in L^{1}([R, \infty))$.
$\circ 0$ \exists $\geq R_{5},0<\exists d<1$ $\forall\zeta=\lambda\pm i\epsilon\in K\pm,$ $\forall r>R_{5}$
$2{\rm Re} k_{\pm}+ \frac{(1-d)\varphi_{1}’(r)}{\varphi_{1}(r)}-\frac{n-1}{r}\geq 0$.




(ii) ${\rm Im}\sqrt{\zeta-\eta V_{1}-V_{2}}>0$ $k\pm$
$2{\rm Re} k_{\pm}+ \frac{(1-d)\varphi_{1}’}{\varphi_{1}}-\frac{n-1}{r}\geq{\rm Re}\frac{-\eta V_{1}’}{2(\zeta-\eta V_{1})}+\frac{(1-d)\varphi_{1}’}{\varphi_{1}}-C\mu$
$=[ \frac{(\lambda-a/4-V_{1})\{\lambda-a/4-(2\varphi_{1}’)^{-1}\varphi_{1}V_{1}’-V_{1}\}+\epsilon^{2}}{(\lambda-a/4-V_{1})^{2}+\epsilon^{2}}-d]\frac{\varphi_{1}’}{\varphi_{1}}-C\mu$ .
(2.6) 2(i) $d$ $R_{5}$ (ii) \sigma
3 $\zeta\in K\pm,$ $f\in L_{\mu_{1}^{-1}}^{2}$. $u=R(\zeta)f$
$\forall R\geq$ R6 $\geq R_{5}$ \iota
$\mathrm{I}_{\vee}\text{ }$
$||\theta_{\pm}||_{\varphi_{1}’,B^{c}(R)}^{2}\leq C\{||u||_{\mu_{2}}^{2}+||f||_{\mu_{1}^{-1}}^{2}\}$ .
1 $\sigma=0,$ $\psi=\chi\varphi_{1},$ $R>R_{5}$ $\chi=\chi(r)$ ( $\chi(r)=0$
$(r<R),$ $=1(r>R+1)$




$\varphi_{1}$ ($2{\rm Re} k_{\pm}$ $- \frac{n-1}{r})\geq C\varphi_{1}’,$ $\varphi_{1}rightarrow-\frac{\varphi_{1}’}{\varphi_{1}})\geq 0$
$r>\exists R_{6}\geq R_{5}$
$\varphi_{1}=\varphi_{1}^{\prime 1/2}\mu_{1}^{-1/2}$ (2.1) $\backslash$
$\varphi_{1}|q_{\pm}u\tilde{x}\cdot\overline{\theta}_{\pm}|\leq C\varphi_{1}\mu|u\tilde{x}\cdot\overline{\theta}_{\pm}|\leq C\varphi_{1}^{\prime 1/2}|\tilde{x}\cdot\theta|\mu_{2}^{1/2}|u|$ .
(2.7)
$\int_{B(R.R+1)}|\theta_{\pm}|^{2}dx\leq C\{||u||_{\mu_{2}}^{2}.+||f||_{\mu_{1}^{-1}}^{2}\}$
(5.1) & Schwarz $tarrow\infty$




${\rm Im} \int_{B(r)}f\overline{u}dx=-{\rm Im}\int_{S(r)}(\partial_{r}u)\overline{u}dS-{\rm Im}\zeta\int_{B(r)}|u|^{2}dx$.
${\rm Im} \zeta\int_{B(r)}|u|^{2}dx-\int_{\mathrm{S}(r)}{\rm Im} k\pm|u|^{2}dS=-{\rm Im}[\int_{S(r)}\tilde{x}\cdot\theta\pm\overline{u}dS+\int_{B(r)}f\overline{u}dx]$ .
(3.2) ${\rm Im}\zeta\in K\pm$ Imk $r$




[ 2 ] $\{\zeta_{k}, f_{k}\}\subset K\pm\cross L_{\mu_{1}^{-\mathit{1}}}^{2}$ $karrow\infty$ $\{\zeta_{0}, f_{0}\}$
$\zeta_{0}=\lambda\pm i0\in J$ $u_{k}=R(\zeta_{k})f_{k}$
$\varphi_{1}’(r)\geq\varphi_{2}’(r),$ $\mu_{1}(r)^{-1}\geq\mu_{2}(r)^{-1}$
$r$ $\varphi_{2}(R)^{-1}arrow 0$ as $Rarrow\infty$ Rellich
compactness criterion, 3, 4 a $\{u_{k}\}$ $L_{\mu_{2}}^{2}$
compact 3 $\{u_{k}\}$ $u_{()}\in L_{\iota_{2}}^{2}$,
|| ru0+k\pm uo||\mbox{\boldmath $\varphi$}\sim BC(R $\infty$ .
$\{u_{k}\}$ (2.8)
$\backslash$
$\{u_{k}\}$ $||u_{k}||_{\mu_{2}}arrow\infty$ as $karrow\infty$ $v_{k}$. $=u_{k}/||u_{k}||_{\mu 2}$ $l1$
$\{v_{k}\}$ $L_{\mu 2}^{2}$ compact $\{\zeta_{\{)}, v_{\{\}}\}$ (2.4)
(5.2) $||v_{0}||_{\mu 2}=1$ , $||\partial_{r}v_{(},$ $+k_{\pm}v_{\{)}||_{\varphi_{1}’,B^{\mathrm{t}}(R)}.<\infty$ .
$k\pm=k\pm(x, \lambda)$ 2 (i) $\varphi_{1}’(r)\not\in L^{1}([R, \infty))$ . 2
$\lim_{rarrow}\inf_{\infty}\int_{S(r\mathrm{I}}|\partial_{r}v_{0}+k_{\pm}v_{0}|^{2}dS=0$
1 $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}v_{0}=\mathrm{c}\mathrm{o}\mathrm{m}\mathrm{p}\mathrm{a}\mathrm{c}\mathrm{t}$ unique con-
tinuation property(A3) $v_{(\}}\equiv 0$ (5.2) 1
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1 $V(x)=V_{2}(x)+V_{3}(x)$ $(A1)\sim(A3)$ $\mu_{j}(r)=\mu(r)$
1 $\forall\lambda>0$ , 2 $\mu_{j}=\mu$ $\forall J\subset \mathrm{R}_{+}$
$E_{2}^{\pm}=0$
$\varphi(r)=\{\int_{r}^{\mathrm{x}}\mu(s)ds\}^{-1}$
$(2\varphi’)^{-1}\varphi V_{2}=(\varphi\mu)^{-1}V_{2}arrow 0$ as $rarrow\infty$ $E^{\pm}(\varphi)=0$
oscillating long-range potenti
2 $V$
(6.1) $V(x)= \frac{c\sin br}{r}+V_{3}(x)$
$V_{3}(x)=O(r^{-1-\delta})$ as $|x|arrow\infty$ . 1 (1.4) $\forall\lambda>0$
2
(6.2) dist {J $\frac{b^{2}}{4}\}>\frac{1}{\min\{2,4\delta\}}|bc|$
$J$
$V(x)=c\sin(br)/r+V_{3}(x)$ $a=b^{2},$ $\mu=(1+r)^{-1-\mathrm{I}\mathrm{I}1\mathrm{i}\mathrm{n}\{1.\delta\}}$ (A1)
$E_{2}^{\pm}=E_{2}= \lim\sup_{rarrow\infty}\{(1/2)rV_{1}’(r)+V_{1}(r)\}=|bc|/2$
1 (1.4) $\lambda$
$J$ (6.2) $(\alpha, \beta)$
$0<\alpha\leq\beta\leq 1$ , $\alpha+\beta\leq 2\min\{1, \delta\}$ ,
$\mathrm{d}\cdot \mathrm{s}\mathrm{t}$ {J $\frac{b^{2}}{4}\}>E_{2\beta}=\frac{1}{2\beta}|bc|$ .
$\mu_{1}=(1+r)^{-1-\beta},$ $\mu_{2}=(1+r)^{-1-\alpha}$ $\varphi_{1}=\beta(1+r)^{/}’$ ,
$\varphi_{2}=\alpha(1+r)^{\alpha},$ $\varphi_{1}’/\varphi_{1}=\beta/(1+r)$ (A2)
$E^{\pm}(\varphi_{1})=E_{2/\mathit{3}}$ $\beta\leq 1$ (2.2) $i\overline{j}$
.
$J$ (2.6) 2 $J$
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3 $V(x)$





(6.5) $\inf J>\frac{1}{4\delta}|c|$ .
$J$
$V(x)=c\sin(\log r)/\log r+V_{3}(x)$ $a=0,$ $\mu=(1+r)^{-1}\{\log(1+$








$J$ (2.6) 2 $J$
3 $q=q(x, \zeta)$ 2 $O(r^{-1-\delta})$
$\mu=(1+r)^{-1-\delta}$
(6.3) $V_{3}(x)=O(r^{-1-\delta}),$ $(6.4)$ $V_{3}(x)=O(r^{-1}\{\log r\}^{-1-\delta})$ (6.5)
$\forall J\subset \mathrm{R}_{+}$ ([10], Example I-2)
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